ON THE LOCAL EXTENSION OF KILLING VECTOR-FIELDS IN 

RICCI FLAT MANIFOLDS 



Abstract. We revisit the extension problem for Killing vector-fields in smooth Ricci flat 
manifolds, and its relevance to the black hole rigidity problem. We prove both a stronger 
version of the main local extension result established in [1] , as well as two types of results 
concerning non-extendibility. In particular we show that one can find local, stationary, 
vacuum extensions of a Kerr solution /C(m, a), < a < m, in a future neighborhood 
of a point p of the past horizon, (p not on the bifurcation sphere), which admits no 
extension of the Hawking vector- field of /C(to, a). This result illustrates one of the major 
difficulties one faces in trying to extend Hawking's rigidity result to the more realistic 
setting of smooth stationary solutions of the Einstein vacuum equations; unlike in the 
analytic situation, one cannot hope to construct an additional symmetry of stationary 
solutions (as in Hawking's Rigidity Theorem) by relying only on local information. 
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1. Introduction 



In this paper we revisit the extension problem for Killing vector-fields in smooth Ricci 
flat Lorentzian manifolds and its relevance to the black hole rigidity problem. In the most 
general situation the problem can be stated as follows: 

Assume (M, g) is a given smooth pseudo-riemannian manifold, O C 'M. is an open 
subset, and Z is a smooth Killing vector-field in O. Under what assumptions does Z 
extend (uniquely) as a Killing vector-field m M? 

A classical result^ of Nomizu establishes such a unique extension provided that the 
metric is real analytic, M and O are connected and M is simply connected. The result 
has been used, see [5] and [4], to reduce the black hole rigidity problem, for real analytic 
stationary solutions of the Einstein field equations, to the simpler case of axial symmetry 
treated by the Carter-Robinson theorem. This reduction has been often regarded as 
decisive, especially in the physics literature, without a clear understanding of the sweeping 
simplification power of the analyticity assumption. Indeed the remarkable thing about 
Nomizu's theorem, to start with, is the fact the metric is not assumed to satisfy any 
specific equation. Moreover no assumptions are needed about the boundary of O in M 
and the result is global with only minimal assumptions on the topology of M and O. 
All these are clearly wrong in the case of smooth manifolds (M, g) which are not real 
analytic. To be able to say anything meaningful we need to both restrict the metric g by 
realistic equations and make specific assumptions about the boundary of O. Local and 
global assumptions also need to be carefully separated. 

In this paper we limit our attention to a purely local description of the extension 
problem in the smooth case. Throughout the paper we assume that (M, g) is a non- 
degenerate Ricci flat, pseudo-riemannian metric i.e. 



We recall the following crucial concept. 

Definition 1.1. A domain O G M. is said to be strongly pseudo-convex at a boundary 
point p e do if it admits a strongly pseudo-convex defining function f at p, in the sense 
that there is an open neighborhood U of p in and a smooth function f : U ^ M, 
Vf{p) ^ 0, such that OnU ^ {x eU : f{x) < 0} and 



It is easy to see that this definition, in particular (1.2), does not depend on the choice of 
the defining function /. The strong pseudo-convexity condition is automatically satisfied 
if the metric g is Riemannian. It is also satisfied for Lorentzian metrics g if dO is space- 
like at p, but it imposes serious restrictions for time-like hypersurfaces. It clearly fails if 

^See [9]. We rely here on the version of the theorem given in [4]. 



Ric(g) = 0. 



(1.1) 



B'f{X,X){p)<0 
for anyX^Oe Tp(M) for which X{f){p) = and gp(X, X) = 0. 



(1.2) 
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dO is null in a neighborhood of p. Indeed in that case we can choose the defining function 
/ to be optical, i.e., 

DVD,/ = (1.3) 
at all points of dO in a neighborhood of p, and thus, choosing X°- — 'D°'f, we have, 

X-Xf'D^Df.f = ^X(D-/D,/) = 0. 

Besides a new extension result, see Theorem 1.2 below, the paper contains two local 
counterexamples. In our main such result, see Theorem 1.3, we show that at any point p in 
the complement of the bifurcation sphere of the horizon of a Kerr spacetime /C(m, a), < 
a < m, with T, Z denoting the usual stationary and axially symmetric Killing vector-fields 
of /C(m, a), one can find local extensions of the Kerr metric, which coincide with /C(m, a) 
inside the black hole, and such that only T extends as a Killing vector-field to a full 
neighborhood of p. The condition a > is important in our proof, since our construction 
only works in the region where T is timclikc. i.e. the ergo-region. It remains open whether 
a similar counterexample can be constructed for the Schwarzschild spacetimes /C(m, 0). 

We first state the following extension theorem: 

Theorem 1.2. Assume that (M,g) is a smooth d- dimensional Ricci flat, pseudo-rie- 
mannian manifold and O C. M. is a strongly pseudo-convex domain at a point p e dO. 
We assume that the metric g admits a smooth Killing vector-field Z in O. Then Z extends 
as a Killing vector- field for g to a neighborhood of the point p m M. 

Under more restrictive assumptions, a similar result was proved in [1] as a key compo- 
nent of a theorem on the uniqueness of the Kerr solution in [2]. In this paper we present 
a different, more geometric proof, which is valid in all dimensions and for all pseudo- 
riemannian metrics. More importantly, the proof we present here does not require that 
the vector-field Z be tangent to the boundary dO in a neighborhood of p, or the existence 
of a geodesic vector-field L, defined in a neighborhood of p, and commuting with Z in O. 

In applications, one would like to use Theorem 1.2 repeatedly and extend the Killing 
vector-field Z to larger and larger open sets. For this it is important to understand the 
"size" of the implied neighborhood in the conclusion of the theorem, where the vector- 
field Z extends. The proof shows that this neighborhood depends only on smoothness 
parameters of g and / in a neighborhood of p (see (2.24)), and a quantitative form of 
strong pseudo-convexity described in Lemma 2.11. The neighborhood does not depend in 
any way on the vector-field Z itself. 

In view of Theorem 1.2, Killing vector-fields extend locally across strongly pseudo- 
convex hypersurfaces in Ricci flat manifolds. A natural question is whether the strong 
pseudo-convexity condition is needed. We give a partial answer in Theorem 4.3: in 
general one cannot expect to extend a Killing vector-field across a null hypersurface in a 
4-dimensional Lorentz manifold.^ 



Such a hypersurface is not strongly pseudo-convex, see the discussion before Theorem 1.2. 
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Our second main theorem provides a counterexample to extendibility, in the setting of 
the black hole rigidity problem. Let (/C(m,a),g) denote the (maximally extended) Kerr 
space-time of mass m and angular momentum nia, < a < ni (see [5] for definitions). 
Let M*^'^"'^) denote an asymptotic region, E = X^(M*^^"'^)) nX+(M*^^"''^^) the corresponding 
domain of outer communications, and T-L~ = 5(1"'" (M^'^"'')) the boundary (event horizon) 
of the corresponding white hole^. Let T — d/dt denote the stationary (timelike in M^^"'')) 
Killing vector- field of (/C(m, a),g), and let Z — d/dcf) denote its rotational (with closed 
orbits) KiUing vector-field. 

Theorem 1.3. Assume that < a < m and Uq C lC{m, a) is an open set such that 

C/o n n E ^ 0. 

Then there is an open set U C Uq diffeomorphic to the open unit ball Bi C R^, UnW ^ 0, 
and a smooth Lorentz metric g in U with the following properties: 

(^) 

^Ric = inU, CtS = zn U, g = g m f/ \ E; (L4) 

(ii) the vector-field Z = d/d(j) does not extend to a Killing vector- field for g, commuting 
with T, in U . 

In other words, one can modify the Kerr space-time smoothly, on one side of the horizon 
"H", in such a way that the resulting metric still satisfies the Einstein vacuum equations, 
has T = d/dt as a Killing vector-field, but does not admit an extension of the Killing 
vector-field Z . This result illustrates one of the major difficulties one faces in trying 
to extend Hawking's rigidity result to the more realistic setting of smooth stationary 
solutions of the Einstein vacuum equations: unlike in the analytic situation, one cannot 
hope to construct an additional symmetry of stationary solutions of the Einstein- vacuum 
equations (as in Hawking's Rigidity Theorem) by relying only on the local information 
provided by the equations.^ 

The rest of the paper is organized as follows: in section 2 we prove Theorem L2 
and in section 3 we prove Theorem 1.3. In section 4 we consider extensions across null 
hypcrsurfaces in 4-dimensional Lorentz manifolds and prove two more theorems: Theorem 
4.1, which provides a criterion for extension of Killing vector-fields, and Theorem 4.3, 
which provides a general framework when extension is not possible. 

2. Proof of Theorem 1.2 

In [1] and [2] the extension of the Killing vector-field Z was done according to the 
transport equation, 

[L,Z] = coL, (2.1) 

similar statement can be made on the future event horizon H^. 

^As mentioned carhcr a local version of Hawking's Rigidity Theorem was proved in [1]. The key 
additional information used in that paper is the existence of a regular bifurcation sphere, which is the 
smooth transversal intersection of two non-expanding horizons. 
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where DlL = and cq constant. Consequently we had to assume, in O, that Z is not only 
KiUing but that it also satisfies the additional assumption (2.1) with respect to a geodesic 
non-vanishing vector-field L. This coTild be arranged in the particular cases studied in 
[1] and [2], but imposes serious restrictions on Z in the general case, particularly if Z 
vanishes in a neighborhood of the point p. To avoid this restriction, in this paper we 
extend Z according to the weaker condition 

Ul^lZ = R{L,Z)L, (2.2) 

which would follow easily from (2.1), and is automatically satisfied if Z is Killing. 

More precisely, we construct first a smooth vector-field L in a neighborhood of p such 
that 

DiL = 0, L(/)(p) = l, 

and extend Z to a neighborhood of p by solving the second order differential system (2.2). 
Therefore, after restricting to a small neighborhood of p, we may assume that Z, L are 
smooth vector-fields in M with the properties 

BlL^O inM, L''L^{B^T>pZ^-ZPRp^0^)^O in M, Czg^O in O. (2.3) 

It remains to prove that the deformation tensor tt = CzS vanishes in a neighborhood of 
p. We cannot do this however without establishing at the same time that the tensor 
also vanishes identically in M. Our strategy is to derive a wave equation for Cz^, or 
rather a suitable modification of it, coupled with a number of transport equations along 
the integral curves of L for various tensorial quantities including tt itself. These equations 
will be used to prove that tt and £zR have to vanish in a full neighborhood of p, provided 
that the strong pseudo-convexity assumption, which guarantees the unique continuation 
property, is satisfied. 

2.1. Tensorial equations. We first consider the properties of >CzR. Observe that vC^R 
verifies all the algebraic symmetries of R except the fact that, for an Einstein vacuum 
metric g, R is traceless. We have instead. 

To re-establish this property we can introduce (see also Chapter 7 in [3]) modifications^ 
of vC^R of the form 

vC^R '■— jC^R — B (z) R, 
where, for any give 2-tensor B, we write, 

{B R) a/375 := Ba ^RA;S7<5 + '^RaA7<5 + -S7 ^Ra/SXS + Bs '^Ra/37A- 



'Note however that, unlike [3], our B here is not symmetric. 
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It is easy to check that, for any 2-tensor B, B QH verifies all the algebraic symmetries 
of the general Riemann curvature tensor, i.e. 

{B R)q,/3^5 = —{B Ii)i3a-y5 = ~{B R)q/35^ = {B Q 'R)^5al3, 
{B R)a^75 + {B Q Tija^Sp + {B Q R)a5/37 = 0. 

Moreover, using the Einstein vacuum equations, 

g"^(_B R)a/375 = B^^ {R-XI3h5 + R^/JA^) • 

In particular for any antisymmetric B, R is traceless, i.e. a Weyl field. We have 
proved the following: 

Proposition 2.1. Assume u is an antisymmetric 2-form in M and let 

W := £zR - ^ (tt + a;) R. (2.4) 
Then W is a Weyl field in i.e. 

Waj3jS — —Wj3a'yS — —WajSS-y — WjSal3: 

We shall next estabhsh a divergence equation for W. We do this by commuting the 
divergence equation for R with Cz- We rely on the following, see Lemma 7.1.3 in [3]: 

Lemma 2.2. For arbitrary k-covariant tensor-field V and vector-field X we have, 

k 

D;3(>CxKi...aJ - >Cx(D^K,...aJ = Yl ^""^r^.^^pK.,... ^.a, , (2-5) 

where ^-^^n — CxS is the deformation tensor of X and, 

Definition 2.3. We denote tt = ^^^tt and T = ^^^T the corresponding tensors associated 
to the vector-field Z. We also denote ^^^rc = H. We also introduce the tensors, 

1 

Ba0 — L''T>pBai3, 

Waj3j5 — ('^zR)a/375 — {B Q K)apjS- 

All these tensors depend on the 2-form uj, which will be defined later (see (2.9) ) to achieve 
a key cancellation in the proof of the transport equation (2.13). 

Using Lemma 2.2 we can now prove the following: 
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Lemma 2.4. The Weyl field W verifies the divergence equation 

Proof of Lemma 2.4- Using Lemma 2.2 and the identity D^Rq^^^^ = (which is a conse- 
quence of the Einstein vacuum equations) , we easily deduce 

— g"^ (£zD^Rq,^^5 + T anpH^ i3-y5 + r^^pRo-^^^ + r^fj_pllal3^g + F^^pRc^^'') 

Using the definition and the Einstein vacuum equations, we derive 

T)"{B R)a/3^5 

for any 2-tensor B. Thus, if S = (1/2) (tt + a;), 

D"M^„;375 = (tt''" - S''^)D^R,^^5 + g''^(r^,, - D,S^,)R'';375 

We observe now that 

p Fi R — P 

which completes the proof of the lemma. □ 

We now look for transport equations for the tensor-fields B,P appearing in (2.6), of 
the form, 

TiL{B,P)^M{W,B,P), 
with the notation M.(W, B, P) explained below. 

Definition 2.5. By convention, we let A4(^^^S, . . . , ^^^B) denote any smooth "multiple" 
of the tensors ^^^B, . . . , ^^^B, i.e. any tensor of the form 

Me^B, ^'^BU...^^ = + . . . + 

(2.7) 

for some smooth tensors ^^^C, . . . , ^'^^C in M. 

It turns out in fact that we need to include also a transport equation for B — DlB. 
Thus we look for equations of the type, 

Bl{B,B,P)^M{W,B,B,P). 

We start with a lemma. 
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Lemma 2.6. Given the vector-field Z , extended to M by (2.3), we have 

L^TTafi = m M. (2.8) 
Moreover, if we define ou inM. as the solution of the transport equation 

I^LOJafi = TT^pD^L" - TT^pD^L", (2.9) 

with CO — in O, then 

L^Papi, = 0, Lf^uj^p = m M. (2.10) 

Proof of Lemma 2.6. We first remark that L°'L^T)aZp = in M. Indeed, using (2.3), 

UT>p{L^L^T>^Zp) = LPL-L^TtpTi^Zp = L'' L" Z'^n^^^p = 0. 

Since L'^L^'D^Zis = in O we deduce that 

L"L^D«Z^ = in M. (2.11) 

We prove now (2.8). Using (2.3) and (2.11) we compute 

mpiL^TTa^) = L^L^iBp-DpZa + BpB^Z^) 

= LPL^Zi^R^pPa + LPL^-DJipZp + L^L^ Zi^-Rp^^^ 
= B^iL^L^BpZ^) - L^TipZ^-D^L" - L^TtpZ^B^L^ 

Since L^^Hap vanishes in O, it follows that L^Tiafi vanishes in M, as desired. 

The first identity in (2.10) follows from the definitions of u and P and the identity 
(2.8): 

To prove the second identity, we compute, using the definition (2.9) and the identities 

L/^TT^jp = and D^L = 0, 

Since L^cOap vanishes in O, it follows that L^Uap vanishes in M, as desired. □ 

We derive now our main transport equations for the tensors B and P. 
Lemma 2.7. In M we have 

^iBa^ — L^V{CzR)ij.aPv — ^Bj.^'DaL^ — TTj}'^ VR^napv (2-12) 

and 

^LPal3n — '^L'^Wal3nu + "^L"" B ff'Ra^ pi, — 'D^L'^Papp. (2-13) 
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Proof of Lemma 2. 7. Wc have 

BlB^/s = L^L'^B^B^Bafs - (l/2)[L'^L'^D^D,7ra/3 + m^^iL'^B^uJafs)]. (2.14) 

We calculate 

L'^L'^B^B^B^Z^ = L^^UB^{BJ^,Zp + K^^f^pZ") 

= L'^ L" {BaB^B^Zis + I{.^au'^BpZi3 + Hfj^a/s'^B^Zp) 
+ L'^ V Z'^B fj^va^p + L^L'^BuZpRi^a/s^. 

Using (2.3) and the general identity 

BaBbZc = HcbadZ'^ + Tabc: (2-15) 

we calculate 

L'^L'^B^B.B^Z^ = B^iL'^L'^Z^Rp^.p) - D„(L'^L'^)(R^,^,Z'' + T,^^) 

= L'^L''Z''BaRpp,ui3 + L'^L'^BaZp'R'^niyp — r^p^pB^iL'^L''). 

Thus 

L'^L^BpB^B^Zi, = L^^L^Z'^iBpIi^^pp + D„Rp^„fl) - r,^^D«(L^L'^) 

+ L^V{Ba.Z'^'R-p,ppv + 2Di,Z''R^Q,^p + D^Z^R^c^pj,) + L^VRp^/iTpp. 

Since 

(D^Rj/Q,^p + DcRppjy/j) + (D^Rj^^Qp + D/jRppjyQ,) — DpRp^Q,^ + DpRpa/Ji^, 
it follows that 

L^L^BpByT^aP = L^L^[{^^Z^)tial3v + {^Z^)til3av] 

+ L''L'^(R^,,p7r/ + Rp;3.p7r«^) - [r,p^D„(L^L'^) + r,p„D^(L^L'')]. 
Using the identity (2.8) and the definitions we calculate 

T.^pB^iL^L'') = L'^B^n^pBaL^ - D^L^D^L^^tt,^ + D^L^D^L^tt^, = 2B^L^Bpp. 
Therefore 

L^L'^D^D.TT^^ = 2L^L'^(£zR)m«/3. - SD^L'^E^^ - 2D^L^5^« 

+ L^ViYipavpT^li'' + Rm/Jj^pTTq,''). 

Using again (2.8) and the definitions we calculate 
L'^BpiUB.u^p) = L'^D^(7r„,D^L^ - t^^^B^U) 

= (L'^D^TT.^D^L'^ + TT/L'^D^D^Lp) - {L^B^-k^^B^L^ + Tr/L'^D^D.Lp) (2.17) 

= {'2BpVBi,a + -Ka'^L'^VRp^pp^) — {2BaVBi,p + 'Kp'^L'^V'Rp^apu)- 

The desired identity (2.12) follows from (2.14), (2.16), and (2.17). 
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We prove now (2.13). It follows from Definition 2.3 that 

= L''D,(R«^^,Z^) + {Lf'BpBJ^^Zp - L'^BpBpB^Z^) - L^DpD^a;«/3. 

(2.18) 

We calculate as before, using (2.15) 

L^BpBJ^^Zp = L^Dp(R„^^,Z'^) + L^D,D^D„Z^ 

— L'^^ p(R,a^ii3uZ^) + L'^^p^a^BjyZp + L^Rp^^^'Dq.Zj, + L'^BpBpBaZp 

Using (2.8) we calculate 

'^L^BpTpap = L''D^(Dp7r„a + BaHp/s - D^vr^p) 

= LPBpBpTi^^ + BpLf{Bp7rpa - D^vTp^j) + D^(D^L''7rp„ - D„L%^). 

The last two identities and the definitions show that 
L''Dp(R,^p,Z'') + {LPBpBJ^pZp - LPBpBpBp^Z^) 
= 2LPBp{Ii^^p,Z-) + 2L''Dp(R^„p,Z'^) 

+ L'^^pfia''(DuZi3 — BbZi,) — L^Uppi^" (B^Za — BaZu) 

+ BpL^iBpTip^ - D.TTp^) + Dp(D^L%p« - B^L^Tip^) 

= 2LP{Z'^BuIlafJpp + ^pZ^Ha/Spu + ^pZ'^Ha/Sup + ^aZ^HulSpp + ^sZ^^auixp) 

+ L'^Rpp^'^TT^, - L'^Rpp/TT^, - BpLP{P^pp + DpC^„^) + Dp(L^DpC^„^) 

= 2LP{Cz^)al3fj.p — L'^-Ka'^^uPup — L'^TT p^'Raufxp " DpL^'P^^p + L''DpDpa;Q^. 

Using (2.17) it follows that 

L'^BpPa^p + Bp^LTa^p — 2L''{Cz^)a/3fip — '^L'^Ba^TLj.ppp — 2L''Bp'Tiotvij,p, 
which is equivalent to (2.13) (since L'^Bp^, — 0, see Lemma 2.6). □ 

Finally, we derive a wave equation for the tensor W . 
Lemma 2.8. With the notation in (2.7), 

BPB pW^^p, = M{B, BB, P, BP, W)^/,^,. 
Proof of Lemma 2.8. We use the identity 



(2.19) 

which is a well-known consequence of the Einstein vacuum equations. Using Lemma 2.2, 



apaaa^"' 012011 ^aaipoci^ 0120:3 ^aaia^p^ 0:20:4, 5 



4 

Do-(Z)2R)aia2a3a4 ^ Z ij-^ a^^aia2a3a4) ~l~ ^ ^ r^jupR^ 



P 

ai 0:4 ' 
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and then 

4 

i=i 

Therefore, after using Lemma 2.2 to commute derivatives again and (2.19), the equation 
for Dg{Cz'£^) above can be written, in schematic notation, 

4 

In view of the definition, 

4 

Using also tt = Dtt = M(DB), and Lz'R = M{B, W), it follows that 

4 

□gW-a,...a4 = J][D<^(r«,.p - BA,p)Ra,J...a,]+M{B,-DB,WU...^,. 

3=1 

The lemma follows using the identity Fq,^^ — D^i?^^ = (l/2)-Pa^/3- CH 
We summarize some of the main results in this subsection in the following proposition: 

Proposition 2.9. We assume that O C M, L, Z are as defined at the beginning of this 
section, and satisfy (2.3). In M we define 

We define the smooth antisymmetric tensor Ua/s in M as the solution of the equation 

DL<^a/3 = T^apDpL'' - 'K^pD^L'', uj ^ in O . 
We also define the smooth tensors 

Ba/3 — ■^i'^ajS + ^ap)^ 
Bal3 = L^^pBa(5, 

Wap^S = ('^zR-)a/375 — {B Q R)q,^^5. 

Then the following equations hold in M; 
Ti'^W^p.,s = M{B,B,P,W)p^5, 

BlB = MiB,B,P,W), BlB = MiB,B,P,W), BlP = M{B, B, P,W), (2.20) 
nw = M{B, T>B, B, DS, P, DP, W, BW). 
where M{^^^B, ^S) is defined as in (2.7). 
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2.2. Carleman inequalities and the local extension theorem. Motivated by the 
identities summarized in Proposition 2.9, we consider solutions of systems of equations of 
the form 

DgS = Mi^^^B,...,^''^ 3,3,-03) 
Bl^'^B = M{^^^B, ^^^B, 3, 03), i = l,...,k. 

We would like to prove that a solution 3, ^^^B, . . . , ^''^B of such a system which vanishes on 
one side of a suitable hypersurface has to vanish in a neighborhood of the hypersurface. 
Such a result depends, of course, on convexity and non-degeneracy properties of the 
hypersurface. We recall, see definition 1.1, that a domain O is strongly pseudo-convex at 
a boundary point p if there exists a defining function / at p, df{p) ^ which verifies, 

DV(^, < if X ^ e Tp{M) satisfies gp(X, X) = X{f)ip) = 0. (2.21) 

Wc arc now ready to prove Theorem 1.2. We use the covariant equations derived in 
Proposition 2.9 (see (2.20)) and Carleman inequalities. We introduce a smooth system of 
coordinates <I>p = {x^ , . . . ,x'^) : Bi — )■ -Bi(p), $^(0) = p, where B^ = {x & : \x\ < r}, 
r > 0, and Bi{p) is an open neighborhood of p in M. Let di, . . . ,dd denote the induced 
coordinate vector-fields in Bi{p) and let Bj-ip) — ^^{Br), r G (0,1]. For any smooth 
function (p : B ^ C, where B C Bi{p) is an open set, and j = 0, 1, . . ., we define 

d 

\dmx)\= Yl \da,...da,Hx)\, xeB. (2.22) 

ai,...,aj=l 

We assume that 

g„^(p)=diag(-l,...,-l,l,...,l). (2.23) 
We assume also that, for some constant A>1, 

6 d 4 

We use the system of coordinates in the neighborhood of the point p, and evaluate all 
the tensor-fields in the frame of coordinate vector-fields di, . . .da- In view of the equations 
(2.20), for Theorem 1.2 it suffices to prove the following: 

Lemma 2.10. Assume that Sq > and Gi,Hj : Bs^{p) C are smooth functions, 
i — 1, . . . , I , j — 1, . . . , J, that satisfies the differential inequalities 



\L{Hj)\ < Mj:l,{\Gi\ + \d'Gi\) + MELi \H, 



m I ) 
m\ 1 



(2.25) 



for any i — 1, . . . , /, j = 1, . . . , J, where M > 1 is a constant. Assume that Gi — 
and Hj = in Bs^Xp) ^ i = 1, . . . ,1, j = 1, . . . , J. Assume also that f is strongly 
pseudo-convex at p, in the sense of Definition 1.1, and L{f){p) ^ 0. Then = and 
Hj = in Bs^{p), i = 1, . . . ,1, j = 1, . . . , J, for some constant 6i G (0, 6o) sufficiently 
small. 
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Lemma 2.10 is proved in [1, Lemma 3.4], using two Carleman inequalities: Proposition 
3.3 in [7] and Lemma A. 3 in [1]. The implicit constant Si > depends only on constants 
A in (2.24), Sq, and the constant Ai in the following quantitative form of strong pseudo- 
convexity: 

Lemma 2.11. (a) Assume that f is strongly pseudo- convex at p. Then there are constants 
Ai> A and /i e [—Ai, Ai] such that, for any vector X — X'^da at p, 

X'^X^{l,^^p{p)-TtJ^0f{p))-rA,\X{f){p)\^>A-^^\X\\ 

where \X\^ = {X^f + ... + {X'^f. 

(b) Moreover, the inequalities (2.26) persist in a small neighborhood of p, in the sense 
that there is ei = e(^i) > such that for any vector-field X — X'^da in B^^{p), the 
inequalities 

\d^f \ > {2Ai)-\ 

(2 27) 

M^(/.g«^ - D,D^/) + A|X(/)|2 > {2A,)-'\X\', 

hold in B,^{p), where \X\^ = {X^f + ... + {X'^f and fi is as in (2.26). 

Proof of Lemma 2.26. (a) The first inequality in (2.26) is just a quantitative form of 
the assumption that p is not a critical point of /. To derive the second inequality, let 
hap = -D«D^/(p) and 

5q = inf X^'X^h^B- 

|X|=l,X«X„=X«D„/=0 

By compactness, this infimum is attained, and it follows from (2.21) that 5 > 0. By 
homogeneity, it follows that 

X^'X^Kp > 5o\X\^ if X'^Xa = X'^'DJ = 0. (2.28) 

We would hke to prove now that there is no G {1, 2, . . .} such that 

X'^X^hap + no(X"D,/(p))2 > (5o/2)|X|2 if X"X« = 0. (2.29) 

Indeed, otherwise for any n = 1,2,... there would exist a vector X^ — X^d^ such that 
l^nl = 1, gp(^n,^n) = 0, and 

X'^X^Kp + n(X„"D,/(p))2 < 5o/2. 

After passing to a subsequence, we may assume that Xn converges to a vector X, with 
|X|2 = 1, X"X« = 0, X"D«/(p) = 0, and X'^X^ha^ < So/2, which contradicts (2.28). 
Therefore (2.29) holds for some constant Uq. 

Let C+ = {X e TpM : |X| = 1 and X^X^, > 0}, C_ = {X e TpM : |X| = 
1 and X'^Xa < 0}, and, for 5 e [0, 1], Cs ^ {X e TpM : |A:| = 1 and {X'^X^l < 5}. 
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Since the metric g is non-degenerate, we may assume that C_|_ 7^ (if C+ = then C_ 7^ 
and the proof proceeds in a similar way). For p e R, we consider the function 

where Uq is as in (2.29). Using a simple compactness argument as before, it follows from 
(2.29), that 

there is 5' > such that Ko{X) > So/ 4 for any X eCs'. (2.30) 
Then it follows that there is pi > sufficiently large such that 

Kp^>OiiX e C+ and there is X e C+ such that K_p^{X) < 0. 

Let 

po = inf{p e [-pi, pi] : Kp{X) > for any X G C+}. 
We analyze the function Kpg{X) = X°'X^kai3, where 

kafi + noDc,/(p)D^/(p) + pogap- 

In view of the definition of po, Kp^{X) > in C+. Moreover, using also (2.30), there is 

Xq G C+ such that -ft'p„(Xo) = 0. Since Kp^^ is homogeneous of degree 2, it follows that 
the point Xq is a local minimum for Kp^ in TpM. Therefore 

VX^K^ = and y^y'^A;^,^ > for any V E TpO. (2.31) 
We show now that 

Kp^{X) for any X e C_. (2.32) 

Indeed, assuming Kpq(Xi) — for some Xi e C_, it follows from (2.31) that KpQ{tXo + 
(1 — t)Xi) = for any t G [0, 1]. However, this contradicts (2.30) since there is to G [0, 1] 
such that gp(to^o + (1 - ^0)^1,^0^0 + (1 - ^0)^1) = and t^Xo + (1 - to)Xi ^ 0. 

Using (2.30), (2.31), and (2.32) it follows that Kp^{X) > for any a; G C_ UC^//, for 
some 5" > 0. A simple compactness argument then shows that there is rii large enough 
such that Kpfj+i/ni > in {X G TpM : |X| = 1}. The second inequality in (2.26) follows 
by setting p = po + 1/ni and Ai sufficiently large. 

Part (b) of the lemma follows from part (a) and the assumption (2.24). □ 

3. Proof of Theorem 1.3 

The plan of the proof is the following: we fix a point p G UoH T-L~ fl E, outside both 
the bifurcation sphere 5*0 = H' fl H'^ and the axis of symmetry ^ = {p G E : Z{p) = 0}. 
Then we consider the Kerr metric g and the induced metric 

hais = Xgafi - TaTfs, where X = g(T, T), 

on a hypersurface 11 passing through the point p and transversal to T. The metric h 
is nondegenerate (Lorentzian) as long as X > in 11, which explains our assumption 
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< a < m. It is well-known, see for example [11, Section 3], that the Einstein vacuum 
equations together with stationarity — are equivalent to the system of equations 

2^ (3.1) 

'^□(X + iY) = —h^^iX + iY)db{X + iY), 
X 

in n, where Y is the Ernst potential associated to T. We rederive these equations in 
Proposition 3.1 below, together with other explicit equations and identities that are needed 
for the proof of the theorem. 

We then modify the metric h and the functions X and F in a neighborhood of the point 
p in such a way that the identities (3.1) arc still satisfied. The existence of a large family 
of smooth triplets {h,X,Y) satisfying (3.1) and agreeing with the Kerr triplet in 11 \ E 
follows by solving a characteristic initial- value problem, using the main theorem in [10]. 

Finally, in Proposition 3.6 we construct the space-time metric g, 

gab = X~'^hab + XAaAb, ga4 = XAa, gu = X , a, 6 = 1, 2, 3, 

associated to the triplet {h, X, Y), the vector-field T = 84, and a suitable 1-form A which 
is defined in IT. By construction and [11, Theorem 1], this metric verifies the identities 
^Ric = and /Zxg = 0, in a suitable open set U. Then we show that we have enough 
flexibility to choose initial conditions for X,Y such that the vector-field Z cannot be 
extended as a KiUing vector-field for g commuting with T, in the open set U. 

3.1. Explicit calculations. We consider the Kerr space-time Ar(m, a) in standard Boyer- 
Lindquist coordinates, 

g^A,,,^ S2(sin^)2/,, 2amr , \2 , , ,9 9, -.^.o 

g--%rW + g2 [d^-^dt) +^{drf + q\d9)^ (3.2) 

where 

A = + — 2mr; 

= r^ + a\cos9f; (3.3) 
S2 = (r^ + a2)g2 + 2mra'^{smef = (r^ + a'^f - a^{sme)^A. 

We make the change of variables 

du- ^dt- (r^ + a^)A~^dr, dcf)- ^ dcf) - aA'^dr. 

In the new coordinates {9, r, 0_, u^) the space-time metric becomes 

g = q'^dO'^ - [du- (S>dr + dr(^ duJ) + a(sin 6f{d(j)_ ® dr + dr ® d(f)-) 

2amr(sin^)2 J:\sme)\^^ 2mr - q\ ^ (3-4) 

—(del)- (g) du^ + du- (g) del)-) H ^ ^ ^ #1 H ^^-^dut, 

q2 q2 q2 
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and the vector-field T = d/dt becomes T = d/du-. The metric g and the vector-field T 
are smooth in the region 

R = {{e, r, M_) e (0, tt) X (0, oo) x (-tt, tt) x M : 2mr - > 0}. 

Let 

^ = g(T, T) = ^ , /ia/3 = " T^^T^, 



and 



Let 



n = {(^, r, M_) e i? : = 0}. 



denote the vector- fields in 11 induced by coordinates (^,r, We calculate the compo- 
nents of the metric h along the surface 11 , 



hu = 2mr - q^, hi2 = 0, hi3 = 0, /i22 = -1, 
h23 = -a(sin /igg = -A(sin 9)^. 

Therefore 

= — h'^^O, h'^^O, h''^ ^ 



(3.6) 



2mr — 5^ ' ' ' 2mr — ' 



(3.7) 



2mr — ' (sin 9Y{2mr — q^) 

Let 

Leab = h{Vd,da, 0,) = {l/2){dah^, + d^kac " ^e/lafe), T'^ab = h'^'V (3.8) 

Using (3.6) and (3.7) we calculate 





sin 6* cos 6 




T.2 - m) ^3 


a(m — r) 


2mr — q^ ' 




i 11 — „ 2 ' 11 


2mr — g^ ' 




m — r 


r 


2 sin 9 cos ^ 3 


—a cot 6* 


2mr — q^ ' 


12 — „ n , i 12 

/mr — g"^ 


2mr — g^ ' 




= 0, r^ia = 


0, 


r'\3 = cot 9, 






= 0, 1^22 = 


0, 


T^2 = 0, 




r^23 


a sin cos ^ 




j_,2 Cf(^ ~ m)(sin ^)^ 


m — r 

p3 


2mr — q^ ' 




2mr — g^ ' 


2mr — g^ ' 


i 33 


A sin 9 cos 9 




j^2 _ A(r-m)(sine)2 


p3 _ a(m-r)(sin^)2 


2mr — q^ ' 




2mr — g^ ' 


2mr — g^ 



(3.9) 
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We have 

— da(^'^bc)dd + ^'^bc^^dade — dc{^'^ba)dd + ^'^ba^^dcde 

— [dai^'^bc) — dci^'^ba) + ^'^bc^'^ea — ^'^ba^'^ec]dd: 

therefore 

^Rica = d,{r%,) - da{r%,) + n„Pdc - r'^cftr^da- (3.10) 

Using (3.8) we calculate 

= {l/2)h^''{d,Ka) = (l/2)a,(log \h\) = a,(log(sin^(2mr - q'))). (3.11) 

Thus 



'■Ric„ = y°''^'°5 . "Ric-O. '■Ric,3 = 0, 



(2mr — q'^y ' 
(2mr — g^)2 ' 



'*RiC22 = 77; ''R'iC23 = 0, '^RiC33 = 0. 



Let 



2mr — (f- 2ma cos 9 
^ — 5 ) ^ — 5 ) 

Tab = ^{VaXVbX + VaYVbY). 



(3.12) 



(3.13) 



(3.14) 



We calculate 

_ ia^mr sin 9 cos 6* _ 2mg^ — 4mr^ _ ^ 
diA = T , = , daA = 0, 

^ 2masin^g^ — 4ma^sin^(cos^)^ ^ 4mracos^ ^ 

= T ^ = , dsY = 0. 

Therefore 

_ 2m^a^(sin6')^ 2m^ ^ n ^ n 

-'11 = -77^ ^T^) 7i2 = 0, Tia = 0, 122 = J- ^23 = 0, Taa = 0. 

Using also (3.12) it follows that 

''Ric = T. 
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Using (3.7), (3.14), and \h\ = {sm9y{2mr - q^f we calculate 



|/.|VV^9,(x + iy) = i?^I^^ 



, ,r — za cos I 

|VV^4(X + iy) = Z^^!I^^^{r-iacose)\ (3.15) 



Therefore 



f^ 24m^r^a^(cos 6*)^ — Aw?r'^ — 4m^a^(cos 6*)^ 

I — 1^ — r— — , 

q°[2mr — q'^) 
h^Y 16m^ra cos Oij-"^ — a^(cos OY) 



(3.16) 



q^(2mr — q 



2\ 



We calculate also 

X-^h'^{diXdjX - diYdjY) 



luii/a va V a v\ 24mW(cose)2 - 4mV^ - 4m2a^(cos^)^ 



q^{2mr — q^) 



2X-^h-d,Xd,Y = 16mVacosg(r^-aVsg)^) 

q^[2mr - q^) 

Therefore 

'^Ric„6 = -A^(v„xv;.x + v^yv^y), 

(3.17) 

^n{x + iy) = -U'^'daix + zy)a6(x + iy). 

X 

The components of the spacetime metric g in the coordinates {9,r,(})_,u_) (see (3.4)) 
have the form, 

gab^ X-'^hab + XAaAb, g„4 = g44 = ^, a, 6 = 1, 2, 3. 

or, with X — {9, r, 0), 

g = {Xdu- + Aadx^'f + X-^habdx'^dx'' 

where. 
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We compute 

_ , _ , 4a^mr sin ^ cos ^ 



^2^3 - ^3^2 



(2mr — q^Y ' 
2ma(sin^)^(r^ - a^(cos6')^) 



(2mr — Q'^)^ ' 
^ ^ ^ ^ — 4mraA sin ^ cos 9 
^ ^ ^ ^ {2mr — q^Y 

Therefore, using also (3.15), with '^€123= — 

X2(V„^6 - Vfe^J = ''e„6e V^y. (3.19) 
To summarize, we verified the following: 

Proposition 3.1. With the notation above, the metric h, the functions X,Y, and the 
1-form A satisfy the identities (inU) 

''D{X + iV) = ^h'^'^daiX + iY)dbiX + iV), 

Remark 3.2. Under a change of coordinates of the form u'_ = m_ — f{x^,x^,x^) the 1- 
form A — Aadx^ changes according to the formula A' — A — df . The change of coordinates 
amounts to a choice of the hypersurface U i.e. instead of — we would chose w_ = 
f{0,r,4>). 

3.2. The metric h. We would hke to construct now a large family of triplets {h,X,Y) 
and 1-forms A, such that the identities in Proposition 3.1 are still satisfied in a neighbor- 
hood in n of a fixed point p e {Uq nn' r\E)\{ALI Sq). Let 

A^o — {x E S : r(x) — r+ :— m + Vm"^ — a"^}- 

This is a 2-dimensional hypersurface in 11; the vector-fields di and ^3 are tangent to Ao 
and, using (3.6) and (3.9), 

h{d3, ds) = hid^, d,) = 0, VaA = -[(^/«)' - M'^'ds, along Af^. 

Therefore Aq is a null hypersurface in 11. Along Ao C 11 we define the smooth, transversal, 
null vector-field, 

L = {2a\smef - A)-^ ■ [2ad2 - {siney^da]. (3.20) 
Using (3.6), it follows that 

h{L, L) = h{L, di) = 0, [L, .93] = 0, h{L, ds) = -1, along ATq. (3.21) 
Let 

P = {x e A/'o : (/)-(x) = 0}, p^{xeP: e{x) = ^0 e (0, tt)}. 
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Thus P is a 1-dimensional smooth curve in Ao and p G P is a point. We extend the 
vector- field L to a small open neighborhood D of p in 11, by solving the geodesic equation 

VlL = inD. 

Then we construct the null hypersurface A/i in D as the congruence of geodesic curves 
tangent to L and passing through the curve P. We also fix a time-orientation in D such 
that ^3 and L are future-directed null vector-fields along PHD. and let J^{Mi) denote 
the causal future of Mi 'va. D. Let 

P>_ = {x e P> : A(x) < 0}, P>+ = {x e P> : A(a;) > 0}. 

The following proposition is a consequence of the main theorem in [10]. 

Proposition 3.3. Assume X, Y : M\ — > M are smooth functions satisfying 

X = X andY = Y inMin D_. 

Then there is a small neighborhood D' of p in II, a smooth metric h in J^{N'i) fl D' , and 
smooth extensions X, Y : J+(A/'i) HD' -^R such that, in J+(M) n D', 



%ic„6 = ^(V„XV(,X + VaYWbY), 

2X^ 

~^D{X + lY) = irh^'daiX + iY)db{X + iY). 
X 



(3.22) 



In addition 



X^X, Y^Y, h^h in J+{J\fi)nD' nD_, (3.23) 
and, for any vector-field V tangent to Mi n D' , 

h{L,V) ^0 andWLL^O along Mi f\D'. (3.24) 

To be able to construct the desired space-time metric g we also need to extend the 
1-form A (compare with the formula (3.34)). More precisely: 

Proposition 3.4. There is a smooth 1-form Aa in a neighborhood V of p in J~^{Mi) 
satisfying (compare with (3.19)^ 

X\VaA - Vfela) = eabc^'Y, 

_ (3.25) 
A = A inVnD_. 

Proof. Without loss of generality^ we may assume that L^-Aa = in a full neighborhood 
D of p in n. Indeed in view of remark 3.2 we can choose a function f in D such that 
L{f) — L°'Aa and change 11 to 11' by redefining — — f . In 11' the corresponding 
L', A! verify (L')« • = 0. 



^Alternatively the argument below can easily be adapted to the case L • A 7^ by a straightforward 
modification of equation (3.26). 
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Let L denote the geodesic vector-field (i.e. Vj^L = 0) generated in a neighborhood of 
the point p in by the vector-field L define on A/o in (3.20), so 

Z = L in [( J+(M) n D_) u M] n D'. 

We then define the form A as the solution of the transport equation, in a neighborhood 
of the point p in J+(A/i), 

(3.26) 

A along J\fo, 

It follows easily from (3.19) that the form A verifies this transport equation in D_, thus 
A is a well-defined smooth form in a neighborhood P of p in J"'"(A/i) and A = A in 
D^. It remains to prove the identity in the first line of (3.25). We observe first that 
AaL"- vanishes in a neighborhood of p in J+(7\/i). Indeed, using the definition (3.26) we 
compute, 

Z«v„(Z^A) = Z^Z'^v^A = 0. 

therefore 

Z% = in a neighborhood of p in J+(A/'i)- (3.27) 

Letting 

Qab = X'iVaA - ^bA) - eabc^'Y, (3.28) 

it follows from (3.26) and (3.27) that 

L^Qab = 0, L'Qab = 0. (3.29) 

To show that Q vanish identically we derive a transport equation for it. In fact we show in 
the lemma below that Ci{X~'^Q) vanishes identically in a neighborhood of p in J+(A/i). 
Since Q vanishes in D_ it follows that Q vanishes in a neighborhood of p in J+(A/i), as 
desired. Thus the proof reduces to the lemma below. □ 

Lemma 3.5. Consider a dimensional Lorentzian manifold (11, h) and scalar functions 
(X, Y) which verify the equation, 

DhY = 2X-^h''''VaXVbY, (3.30) 

Assume also given a 1-form A which verifies, 

L'^VaAb + A„V,L" = G,,, L«V% L ■ A = 0, (3.31) 

with L a null geodesic vector-field in 11. Then the 2-form 

Qab = X^VaAb - VbAa)- ^abc V'Y (3.32) 

verifies the equation, 

Cl{X-^Q) = 0. (3.33) 
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Proof of Lemma 3. 5. We have, 

= 2X-'VLXQab + 2X-'CLX{eabc V^F) + X\VaCLAb - VbCLAa) 

= 2X-'VLXQab + X^VaCLA, - VbCLAa)+ Gabc (2X- - di^ {L))V'Y 
- eabc {L'VdV'Y V'VVdL^) 
Using the equation for A, written in the form CiAa = — Gacd L'^V'^Y, 

X^VaCLAb-VbClAa) = X\VaCLA,-VbCLAa) 

= 2X-\VaX Ebcd-VbX eacd)L'V''Y 

- ^bcd L'VaV''Y+ eacd L'V.V'Y. 

Hence, 
with 

Eab = - eftcd i^'V„V'^y+ e„ed i^'VbV'y- e„6e i^'VdV^y 

+ 2X-\VaX Ebcd -VbX Eacd )L'V''y+ Eabc 2X-^VlXV''Y 

- ^bcd VaL'^V^Y^ Eacd VbL'^V^Y^ Eabc ( " (div L)V''Y + V^y VdL^) . 

To check that £J = it suffices to show that its Hodge dual *E^ :— | "^Eab vanishes. 
By a straightforward calculation, involving the usual rules of contracting tensor products 
of the volume form e, we find, 

*E^ = (D^y - 2x- V„xv"y)L^ 

from which the lemma easily follows. □ 

3.3. The space-time metric. Let X, Y , h, V, and A be as before. In D x 7, where 
7 C M is an open interval, we define the Lorentz metric g by 

^ah^ X'Hlab + XAaAb, gaA^XAa, g44 = ^, 0,6=1,2,3. (3.34) 

The functions X, Y, Aa, hab, originally defined in V are extended to P x / by 

d,{X) = d^iY) = d^{Aa) = dSab) = 0, a, 6 = 1, 2, 3. (3.35) 
Using (3.34), it follows that, with 1" = a = 1, 2, 3, 

g"'' = g«^ = -Xl", g^^ = X-^ + XA^K, |g| = X-'^^\. (3.36) 
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Proposition 3.6. (a) The metric g agrees with the Kerr metric g in {V n DJ) x / and 
satisfies 

jCg^g = 0, ^Ric = inVxR. 

(b) If Z — Z^d^ + Z°-da is a Killing vector-field for g in V x I and if [Z, 84] — then 
Z' — Z°'da is a Killing vector- field for hinV satisfying Z'{X) — Z'{Y) — 0, i.e. 

Z'{X) = Z'iY) = 0, {Cz^)ah = 0. (3.37) 

Proof of Proposition 3. 6. (a) The claims follow easily from definitions, except for 

^Ric = in P X R. 

On the other hand, this is a well-known consequence of the identities (3.22) and (3.25) 
satisfied by h^X^Y and A, and the definitions (3.34) and (3.35). See, for example, [11, 
Section 3] for the proof. 

(b) The identities d^Z^ = 0, d^Z'^ = 0, {CzI)aa = 0, (£zg)„4 = 0, and {Czgjab = 
give 

Z{X) = 0, Z{XAa) + daZ'^XA, + daZ^X = 0, 
Z{X-%f, + XAaA) + daZ''{X-%h + XAjh) + daZ^XAb 
+ dbZ%X-%, + XAJ,) + d^Z^XAa = 0. 
Using also (3.35), it follows that 

Z'{X) = 0, Z'{Aa) + daZ'^A, + daZ^ = 0, 

z'ihab) + daZ'K, + dkZ'^Kc = 0. 

Therefore, along T> 

Z'{X) = 0, {Cz^)ab = 0, {Cz'A), = -daZ\ 

The last identity in (3.37), Z'{Y) — 0, follows from (3.25), rewritten in the form 

□ 

We can now complete the proof of the theorem. 
Proof of Theorem 1.3. We fix a point p e (C/q n IHr fl E) \ (^ U Sq); we may assume that 

U-{p) = 0, 4>~{p) = 0, 6{p) G (0, vr), r{p) = m + Vm"^ — a^. 

Then we define the surface Mi as in Proposition 3.3. For any smooth functions X,Y : 
Ml M agreeing with X, Y in Mi fl D_, we construct the corresponding neighborhood 
X> of p in J'^{Mi) (which we may assume to be diffeomorphic to the unit ball in 
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and sufficiently small relative to Uq), the smooth Lorentzian metric h in V, the scalars 
X,Y -.V^R, and the 1-form A, verifying (see (3.22) and (3.25)) 

~^D{X + iY) = irh^^daiX + iY)dbiX + if), (3-38) 
X 

in T>. Then we construct the space-time metric g in I> x / as in (3.34)-(3.35). In view of 

Proposition 3.6 (a), it remains to show that we can arrange our construction in such a way 
that the vector-field Z cannot be extended as a Killing vector-field for the modified metric 
g. Using Proposition 3.6 (b), it suffices to prove that we can arrange the construction in 
subsection 3.2 such that the vector-field ^3 cannot be extended to a vector-field Z' in T> 
such that 

Cz'h = and Z'(X) = Z'(Y) =0 in P. (3.39) 

More precisely, we assume that (3.39) holds and show that there is a choice of X,Y along 
Afi such that (3.38) is violated. 

Assuming that (3.39) holds, we define the geodesic vector-field L in P as in subsection 
3.2 and notice that 

Vzh{L,Z') = 0. 

Recall that, see (3.2f ), 

h{L, L) = 0, [L, Z'] = 0, h{L, Z') = -1, along A^o- 

Since /i(L, Z') — —1 along Ao, it follows that 

h{L, Z') = -1 in V. 

We let 6(2) := 6(3) := Z\ and fix an additional smooth vector-field e(i) in T> such that 
/i(e(i), 6(2)) = /i(6(i), 6(3)) = /i(6(i), 6(1)) -1 = 0, i.e. 

To summarize, assuming (3.39), we have constructed a frame e(i), 6(2), 6(3) in D such that 

e(l)) - 1 = /i(6(i), 6(2)) = /l(6(i), 6(3)) = /i(6(2), 6(2)) = /i(6(2) , 6(3) ) + 1 = 0. (3.40) 

We define the connection coefficients 

r(a)(6)(c) = /i(6(a), Ve(,)6(6)). 

Using the identities VjL = and Lz'h, — 0, it follows that 
r(a)(2)(2) = for any a e {1, 2, 3}, r(„)(3)(e) ^{c){i){a) = for any (a, c) e {1, 2, 3}^ 
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Since [L, Z'] = along Ao and 

it follows that Cz'L = in D. Then, using the definition of e(i), it follows that Cz'Sf^i) — 
in V, therefore 

r(a)(3)(c) = r(„)(e)(3) for any (a, c) e {1,2,3}^. 
To summarize, letting F — h{Z\ Z') — /i(3)(3), we have 

^(l)(l) - 1 = = /i(l)(3) = /i(2)(2) = /i(2)(3) + 1 = 0, /l(3)(3) = F, 

him) _ 1 = h^m) = /^(i)(3) = ^(3)(3) ^ ;^(2)(3) ^ ;l = 0, = -F, ^ ■ ^ 

and 

r(i)(i)(i) = r(2)(2)(2) = r(3)(3)(3) = r(i)(i)(2) = r(i)(2)(2) = r(2)(i)(2) = r(2)(2)(i) = o, 

r(3)(2)(2) = r(2)(3)(2) = r(2)(2)(3) = r(3)(i)(i) = r(i)(3)(i) = r(i)(i)(3) = o, 

- r(i)(2)(i) = r(2)(i)(i), -r(3)(3)(a) = -r(3)(a)(3) = r(„)(3)(3) = --e(„)(F), a e {1, 2}, 

- r(3)(i)(2) = r(i)(3)(2) = -r(2)(3)(i) = r(3)(2)(i) = -r(2)(i)(3) = r(i)(2)(3), 

e(3)(-^) = e(3)(r(„)(6)(c)) = 0, [e(3),e(„)] = 0, a, 6, c e {1, 2, 3}. 

(3.42) 

We derive now several identities for the connection coefficients F and the curvature ''R. 
Clearly 

''R(a)(b)(c)(d) = h{e^a), [Ve(,)(Ve(,)e(b)) - Ve(,) ( Ve(,) 6(6) ) - V[e(^),e(,)]e(f,)]) 

= e(c)(r(a)(6)(d)) - e(d)(r(„)(f,)(c)) 

for any a e {1,2} and b,c,d e {1,2,3}. Using also the identities (3.41) and (3.42), it 
follows that 

''R(a)(3)(2)(3) = e(2)(r(„)(3)(3)) - T (2) (3) (3) T (a)(3) (2) - r(i)(3)(2)r(„)(i)(3) + r(3)(3)(2)r(„)(2)(3) , 
''R'(l)(2)(2)(3) = e(2)(r(i)(2)(3)), 

^R-(2)(i)(2)(i) = e(2)(r(2)(i)(i)) + r(2)(i)(i)r(i)(2)(i). 

(3.43) 

We can now obtain our desired contradiction by constructing a pair of smooth functions 
X, Y along J\fi such that not all the identities above (starting with (3.38)) can be simulta- 
neously verified along jVi. For this we fix a smooth system of coordinates y — (y^, y^, y^) 
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in a neighborhood of the point p in 11 such that 

M = {g : y%q) = 0}, Afo^{q: y\q) = 0}, L^L^^ along 

More precisely we fix the L, as in the unperturbed Kerr, in a neighborhood of p and define 
first such that y^ vanishes on Ao and L^y"^) = 1. Then we complete the coordinate 
system on A/q and extend it by solving L{y^) = L{y^) = 0. 

Assume : — )■ [0, 1] is a smooth function equal to 1 in the unit ball and vanishing 
outside the ball of radius 2. Wc are looking for functions X, Y of the form 

X{q) = X{q), Y{q) = Y{q) + ei,{{y{q) - y{p'))/t), q E Al, (3.44) 

where p' is a fixed point in A/i fl -D+ sufficiently close to p, and {X,Y) are as in (3.13). 
We show below that such a choice leads to a contradiction, for e sufficiently small. 
Let 

In view of the definitions, 

^(2) = ^2) = ^(1) = ^(2) -1 = along Ml. 
We use now the last identity in (3.43) and the first identity in (3.38), along A/i.. Since 
'*R(2)(i)(2)(i) — '^R'ic(2)(2), and recalling (3.41) and (3.42), we derive 

^2(r(2)(i)(i)) - (r(2)(i)(i))' = ^[^2(^)' + v^{Y)\ (3.45) 

along A/i. In addition, since 

[e(2), e(i)] = [V2, Kl^Vi + Kl^V2] = V^2(i^(\))K + l^2(i^('i))V^2 (3.46) 
along Ai, it follows that 

^2(4i)) = • ^([e(2), e(i)], e(i)) = Kl^T^^mn), (3.47) 
along Ai. Using the ansatz (3.44) together with (3.45), and (3.47), it follows that 

\G\ + \V2{G)\ < 1 for any G E {r(2)(i)(i), l/iTji)}, (3.48) 

along A/i, uniformly for all p' E A/i sufficiently close to p and e < e(p') sufficiently small. 
Next we use the identity on the second line of (3.43) and the Ricci identity in (3.38), 

along Ai. Since '*R(i)(2)(2)(3) = — ''Ric(i)(2), and recalling (3.41), (3.42) we infer that, 
^2(r(i)(2)(3)) = ^^mX).{Kl^V, + Kl^V2){X) + V2{Y).{Kl^^^ (3.49) 

along A/i. In addition, using again (3.46), it follows that 

V,{Kl^) = -/i([e(2), e(i)], e(3)) + V^2(i^(\))/^(V^i, e(3)) = 2r(i)(2)(3) + KI^V,{KI^) / K^^ 

(3.50) 
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along A/i. Using once more the ansatz (3.44) together with (3.49), and (3.50) as well the 
previously estabhshed bounds (3.48), it follows that 

\G\ + mG)\ < 1 for any G e {r(2)(i)(i), r(i)(2)(3), i^fi)}, (3.51) 

along A/i, uniformly for all p' G A/i sufficiently close to p and e < e(p') sufficiently small. 

Using the Ricci identity in (3.38), the identities 6(3) (X) = 6(3) (F) = 0, and the bounds 
(3.51), it follows that 

J2 l''Ric(a)(6)| < 1 along 

a,6e{l,2,3} 

Using the first identity in (3.43) with a = 2, the identity 

''R'(2)(3)(2)(3) = ''RiC(2)(3) + (l/2)(''RiC(i)(i) + F''RiC(2)(2)), 

and (3.42), it follows that 

V2{F) = -2r(2)(3)(3), 

^2(r(2)(3)(3)) = -(r(i)(2)(3))'+%iC(2)(3) + (1/2) (%iC(i)(i) + F • %iC(2)(2) ) • 

Using again (3.51), it follows that 

\F\ + \V2{F)\ + \V2{V2{F))\ < 1 along M, (3.52) 

uniformly for all p' G J\fi sufficiently close to p and e < e(p') sufficiently small. 
We can now derive a contradiction by examining the second equation in (3.38), 

^^'^)^')V(„)V(,)(F) = 2X-'h^'^^^'^e^a){X)e^b){Y). 
Using (3.48) and (3.52), it follows that 

|e(i)(e(i)(F)) -Fe(2)(e(2)(r))| < 1 along M, 

uniformly for all p' G A/i sufficiently close to p and e < e{p') sufficiently small. This 
cannot happen, as can easily be seen by letting first e ^ and then p' p, taking into 
account that F and K^^^ vanish along Ao HA/i. □ 

4. Extension across null hypersurfaces 

Assume in this section that (M, g) is a 4-dimcnsional Lorcntzian manifold satisfying 
the Einstein- vacuum equations Ric(g) = 0, p G M is a fixed point along a smooth null 
hypersurface C M (given by the level hypersurface of a smooth function m : M ^ M) 
with fixed null vector-field L at p. Assume that : M — > R is a smooth optical function 
transversal to Af_, more precisely, 

B'^uB^u ^OmM, u{p) = 0, (D"mD„'u)(p) = -1. (4.1) 

Let J\f be the null hypersurface passing through p generated by the zero level set of u, i.e. 
Af — {x e 'M/u{x) — 0} and L — —g°'^daudp its null geodesic generator. Let 

0_ := {x G M : u{x) < 0} 
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and assume that Z is a smooth Kilhng vector-field in 0_. 

4.1. An extendibility criterion. We extend Z to neighborhood of p as in (2.3), such 
that 

L^L^iB^BpZ^ - Z^R.^^^) = 0. 

Theorem 4.1. Assume that we have, along the null hypersurface M , 

{Cz'R){L,X,L,Y)=Q (4.2) 

for any vector-fields X, F e T(M) tangent to M. Then there is a neighborhood U of p 
such that CzS — ^ in U. 

Remark 4.2. The sufficient condition (4.2) may be replaced by a sufficient condition at 
the level of the deformation tensor tt, namely 

(£zg)(X,y) = along Af, (4.3) 

for any vector-fields X,Y & T(M) tangent to M . Both (4.2) and (4.3) lead to the con- 
clusion (4.10); using the identities (4.5)-(4.9). 

Proof of Theorem 4-1- According to the results proved in the section 2.1 we introduce the 
tensors W, tt, u, B, B and P as in Definition 2.3. Recall that, see Lemma 2.6, 

7r«^L'' = 0, a;«^L'^ = 0, P^^^L/^ = 0. (4.4) 

Since P = |(7r + a;) we also have B^^L^ — 0. We fix a function y : — >■ M such that y 
vanishes on J\f nAf^ and L{y) — 1 along J\f. Then we fix a frame (ei, 62, 63, 64) along J\f 
such that 

ei, 62, 64 are tangent to J\f, 64 = L, ^liu) = ^2(1/) = 0, 

g(ei, 62) = g(ea, Ca) - 1 = g(e4, 63) + 1 = g{ea, 63) = g(e3, 63) =0, a G {1, 2}. 

Our main goal is to show that the tensors W, B, B, P vanish along A/". For any tensor 
M = Ma^,,,,af, and any s G Z we define any component of the tensor M in the basis 
(ei, 62, 63, 64) of signature > s, where the signature of the component Ma^,,,^^ is equal to 
the difference between the number of 4's and the number of 3's in (ai, . . . ctfe). Thus, for 
example, G {P44, P4a, Pa4, P43, ^34, P„6 : a, 6 G {1, 2}}. 

Recall our main transport equations, see Lemma 2.7, 

DiP,^ = P,^, (4.5) 

-DlKp = L'^L^(£zR)^„;3. - 'iB.pDM - tt/L^L'^R^^,,, (4.6) 

and 

D^P„^^ = 2L''W^p^, + 2L'^P/R„^^, - D^L^P.^^p, (4.7) 
and our main divergence equation, see Lemma 2.4, 

I I4.»j 
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In view of the definitions we also have 

D«L4 = 0, D4L„ = 0, a G {1,2,3,4}. (4.9) 

We use equations 4.5, (4.6), and (4.9), together with the assumption Cz^Aab'i = 0, 
a,6e{l,2}to write, schematically, 

(Di5)^o = A^(5^0), (DiB)^o = A^(B^O) + A^(5^0). 

Therefore 

B>o = 0, = 0. 

According to Proposition 2.1, W = — \B R, using again the assumption (4.2), it 
follows that 

W^"" = 0. 

Using now (4.7) and the identity Pa/34 — 0, see (4.4), it follows that P-^ — 0. Therefore 
S-° = 0, S-° = 0, P-^ = 0, W-'^^Q along A^. (4.10) 

Using (4.10) and the general symmetries of Weyl fields, equation (4.8) with {I3'^5) ~ 
(4a4), a e {1,2}, gives, schematically, 

{T>lW)^^ = M{B^-^) + A4(P^°) + M{W^^). 

Using the transport equations (4.5), (4.6), and (4.7), together with the identities (4.9) 
and (4.10) we derive, schematically, 

(Di5)^-^ = M{W^^) + M{B^-^) + M{B^-^), 

(DiP)^° = M{W^^) + M{B^-^) + M(P^°). 

Therefore, (4.10) can be upgraded to 

B--^ = 0, P--^ = 0, P-° = 0, W-^ = along TV. (4.11) 

We can now continue this procedure. Using (4.11) and the general symmetries of Weyl 
fields, equation (4.8) with {P'jS) = (434) and {(3^6) = (412) gives, schematically. 

The transport equations (4.5), (4.6), and (4.7), together with the identities (4.9) and 
(4.11) give, schematically, 

(DiP)^-2 = A^(P^-2), 

(DiP)^-2 = MiW^'^) + M{B^-^) + M{B^-^), 
(DiP)^-i = MiW^"") + A4(P^-') + M{P^-^). 
Therefore, (4.11) can be upgraded to 

S = 0, P = 0, P^-i = 0, iy-° = along jV. (4.12) 
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Using (4.12) and the general symmetries of Weyl fields, equation (4.8) with {(3jS) ~ 
(4a3), a e {1, 2} gives, schematically, 

(BlW)^-^ = M{P--^) +M{W^-^). 

The transport equation (4.7), and the identities (4.9) and (4.12) gives, schematically, 

(DlP)--' = MiW^-^) + M{P^-^). 

Therefore, (4.12) can be upgraded to 

S = 0, S = 0, P^-2 = 0, W--^^Q along A^. (4.13) 

Using (4.13), (4.8) and the general symmetries of Weyl fields, it D3W4343 = and 
D3W4312 = 0. Thus 03^4^36 = along M, a,b E {1,2}. Therefore, the divergence 
equation (4.8) with (Pjd) = (a36), a,b E {1,2}, and the transport equation (4.7) give, 
schematically, 

(DlW)^-^ = M{P^-'') + M{W^-^), (DlP)^-^ = M{P^-^). 

Therefore we proved that 

5 = 0, ^ = 0, P = 0, W^Q along TV. (4.14) 

To prove now that B, B, P, W vanish in a full neighborhood of the point p we use Propo- 
sition 2.9, Lemma 2.10 and the observation that, for eo sufficiently small, the functions 

f± = {u + eo){±u + eo) 

arc strongly pseudo-convex in a sufficiently small neighborhood of the point p. See [1, 
Appendix A] for more details. □ 

4.2. A non-extendible example. In this subsection we provide examples showing that 
Killing vector-fields do not extend, in general, across null hypersurfaces in space-times 
satisfying the Einstein-vacuum equations. 

Theorem 4.3. With the notation at the beginning of the section, we further assume that 
Z{u) = in O- and that Z does not vanish identically in a neighborhood of p in 0-. 
Then there is a neighborhood U ofp diffeomorphic to the open ball Bi C and a smooth 
Lorentz metric h in U such that Ric(h) — in U, h — g in 0-, but Z does not admit 
an extension as a smooth Killing vector-field for h in U. 

In other words, the space-time (M, g) can be modified in a neighborhood U of p, on 
one side of the null hypersurface dO, in such a way that the resulting space-time is still 
smooth and satisfies the Einstein-vacuum equations, but the symmetry Z fails to extend 
to U. 

Proof of Theorem 4-3. We fix a smooth system of coordinates $^ : i?i ^ -Si(p), $^(0) = 
p, where Br = {x E : \x\ < r}, r > 0, and Bi{p) is an open neighborhood ofp in O. Let 
di,. . . ,84 denote the induced coordinate vector-fields in Bi{p) and let Br{p) — ^^{B^), 
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r G (0, 1]. For any smooth function : i? — )■ C, where B C Bi[p) is an open set, and 
J = 0, 1, . . ., we define 

4 

ai,...,aj=\ 

We assume that 

ga^(p) = diag(-l, 1,1,1). 

and, for some constant A>1, 

6 4 



sup 



d^u\ + \&u\+ "Y\&^afi{x)\ <A. (4.15) 



We will construct the neighborhood 

Up^{xe B^^{p) : u{x) > -el} 

for some constant eo sufficiently small (depending only on the constant A in (4.15)). We 
define first the hypersurface 

Afo^{xe B u2{p) : u{x) = -e^}. 

Recall that L = —^'^^daudjs and notice that L is tangent to Ao- We introduce smooth 
coordinates (|/^, |/^, y^) along the hypersurface Ao in such a way that = on A/^ fl Ao 
and L — 84,, where 81,82, 84 are the induced coordinate vector- fields along Ao- 

We consider smooth symmetric tensors h along Ao, such that it coincides with g on 
Ao n 0_ and, on both sides of Ao, 

h{84,8a)^0, inA'o, a e {1,2, 4}. (4.16) 

Thus the only nonvanishing components of h are, 

hab = h{8a,8b), inA'o, a, 6 e {1,2}. 

We would like to apply Kendall's theorem [10, Theorem 3] to construct the metric h in 
the domain of dependence of A^U Ao, such that h = g along A^ and g = h along Ao- The 
only restriction is that the symmetric tensor h is arranged such that the resulting metric 
satisfies the Einstein equation 

h"^R(L, 8a, L, 8p) = along A'o, (4.17) 

with R the Riemann curvature tensor of h. Recalling the definition of R and noting that 

for a space-time metric h which coincides with h on A'o we must have h^" = h^^ = and 
Y^ab ^ f^ab^ g f^acf^^ ^ ^^^^^ deduce, 

h!^^Il{L,8a,L,8p) = -7 + 77 (4.18) 
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o,6e{l,2} 

II = Yl rt(Da,(Da„a4),56) 

a,&e{l,2} 

Thus, imposing the auxihary condition^, 

/ = along TVo, (4.19) 

equation (4.17) is equivalent to 

J2 rt(Da,(Da„a4),a;,) = 0. (4.20) 

a,feg{l,2} 

which can be viewed as a constraint equation for the metric h on A/q. Indeed we can 
introduce a covariant differentiation^ along Ao compatible with h by the formula, 

h{WxY,Z) = h-Zh{X,Y) + Yh{X,Z)+Xh{Y,Z)] (4.21) 

for X, Y, Z e {d\.d2-, ^4}. With this definition we observe that (4.20) is equivalent to, 

Y rt(Va4(Va„54),a6) = 0. (4.22) 

a,6G{l,2} 

In view of the definition (4.21), for a G {1, 2} 

Va„94 = (l/2)/i^^(94/i„,)9e + multiple(94), 

^d,da = {l/2)h'\d^had)dc + muhiple(a4). 
Therefore, the identity (4.22) is equivalent to 

d^ik'^'dihad) + {l/2)h'"'h'"'dihadd4hbc = 0. (4.23) 

Letting 

hab = <fhab, det(/i) = /ill/l22 - = 1, 

and making the observation h^'^dihad = 0, the identity (4.23) is equivalent to 

dl<f> + (1/8)0 • h'^P'^dJiaddJibc = 0. (4.24) 

In other words, we may define hab, (i,b G {1,2}, as an arbitrary smooth positive definite 

symmetric tensor along J\fo, with /iii/i22 - /i?2 = 1 and hab = (giig22 - g?2)~^^^g(^a, ^b) 
in jVo n 0-. We then define (f) according to the equation (4.24), and the full tensor 
h — (f)'^h along Mq. Finally we apply Kendall's theorem [10, Theorem 3] to construct a 



^Writing Ddidi = ujdi and introducing the null second fundamental form Xab = h(Da„c?4,96) of A/o, 
the condition reduces to w • tr x = along A/q . 

^Since the metric h is degenerate on A/q, this formula only defines the covariant derivatives V xY up 
to a multiple of L = 64. 
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smooth space-time metric h in Up = {x E B^^i^p) : u{x) > —e^} satisfying the Einstein- 
vacuum equations and agreeing with g in ?7p fl 0_ and with h along A/o H B^^. Since, 
by construction, the term // vanishes identically on Ao it also follows that the metric h 
verifies the auxiliary assumption (4.19). We now interpret condition (4.19) using the null 
second fundamental form of A/q with respect to the h metric, 

x(X,r) h(DxL,r), VX,Y tangent to A/'o (4.25) 

Clearly T)lL — uL along Mo for some smooth function u. Thus, 

a,6e{l,2} a,6e{l,2} 

Thus (4.19) takes the form, 

a;-trx = 0. (4.26) 

from which we infer that cu must vanish in Up flA/o (i.e. DlL = 0) if tr x vanishes at most 
on a set with empty interior in {UpH Ao) \ 0_. 
On the other hand, 

1 1 ^ 1 ^ 

Xab = ^d^hab = -di{(fhab) = (t>di(j) hab + -(p^d^hah 

from which, 

trx = r'h'''{(Pd,<l>hab + ^(p''dJiab)^2r'd,(P. 
Also the traceless part of x, 

1 1 

Xab = Xab - -tr Xhab = -4>^d^hab- 

Thus equation (4.24) takes the well known form 

94trx+^(trx)' = -|xl^ (4.27) 

from which we infer that tr x can only vanish in a set with empty interior in ([/pflAo) \0_ 
if the same holds true for x- Thus we can easily choose non-trivial data on Aq such that, 
for our original choice of L = ^4, we have, 

DlL = in A'onC/p. (4.28) 

It remains to prove that we can arrange hob on Ao such that Z does not admit an 
extension to Up as a Killing vector-field for h. We extend first the smooth vector-field L 
from Up n O- to all of Up such that, consistent with (4.28), 

DlL = in C/p 

with D the covariant differentiation associated to the metric h. 
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Since Z{u) = in 0_ it follows that [Z, L] = in 0_. Assume, for contradiction, that 
Z admits an extension to C/p as a KiUing vector-field for h. Then, letting V — CzL we 
compute in Up 

Since V vanishes in Up n 0_, it must vanish in all of Up, i.e. 

[L, Z] = in Up. 

In addition, since 

Lh(Z,L) = 0, 

we infer that Z must remain tangent to the hypersurfacc J^-cf,- To summarize, by con- 
tradiction, we have constructed a vector-field Z in Up tangent the hypersurfacc A/q such 
that, on N^nUp, 

Czh = 0, [L, Z\ = 0. (4.29) 

On the other hand, writing Z = Z^d\ -|- Z'^d^ + Z'^dd, in the system of coordinates along 
A/o introduced before, the identity Lzh = in (4.29) gives 

= Z{K^) + daZ^hpy, + d^Z^Kp, a, b e {1, 2}. 

Therefore 

Z{det{h)) = Z(hnh22 - /^L) = -2(91^^ + d2Z^)det{h). 
Since h = {dethy^'^h, the identity Czh = shows that 

Czh = (diZ^ + d2Z'^)h. (4.30) 

Notice also that Z does not depend on the choice of the tensor h, indeed Z is defined 
simply by the relation [L,Z] = in (4.29)). Therefore we obtain a contradiction, by 
choosing h such that (4.30) fails at some point in A/o \ 0-. This completes the proof. □ 
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